
Critical behaviour in aperiodic systems

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1993 J. Phys. A: Math. Gen. 26 L703

(http://iopscience.iop.org/0305-4470/26/15/016)

Download details:

IP Address: 171.66.16.62

The article was downloaded on 01/06/2010 at 19:02

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/26/15
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


1. phys. A Math. Gen. 26 (1993) L703-L709. Printed in the UK 

LETTER TO THE EDITOR 

Critical behaviour in aperiodic systems 
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Research Institute for Soiid State Physics. H-1525 Budapest. PO Box 49. Hungary 

Received 7 May 1993, in final farm 4 June 1993 

AbstracL We consider layered systems with aperiodically modulated couplings and 
study the effect of inhmogcneity on the critical behaviour. Using ~Ealing arguments a 
r e l c v a n ~ ~ ~ e l w a n c ~ t y p e  criterion is formulated and for relevant inhomogeneities the waling 
form of singular quantities is determined We have performed exact calculations for the surface 
magnetization of aperiodic quantum king chains and fora ( I  + 1)dimensional directed polymer 
in a longitudinal aperiodic environment. The ruults for bath systems are in acwrd with scaling 
wnsiderations. Far a marginal aperiadicity the critical exponents are found to be non-universal. 

The discovery of quasicrystals has smed a growing theoretical activity to understand their 
smcture and physical properties (for a recent review see [l]). Among others an interesting 
theoretical question is how the imperfection of the underlaying lattice influences the critical 
properties of a system. Till now exact results of this problem have been restricted to models 
with an essentially one-dimensional aperiodicity-in higher dimensions the aviailable results 
are numerical. For example there is numerical evidence that phase transitions on two- 
dimensional Penrose quasilattices, such as the Ising model [ 2 4 ,  percolation 151 and self- 
avoiding walks [61 are universal, i.e. the effect of the aperiodicity of this lattice is irrelevant. 

Similar conclusions have been obtained by exact calculations on the quantummechanicai 
phase msi t ion  of the onedimensional transverse Ising model (TIM) on Fibonacci and 
related lattices r-7-11], The phase transition of the same system on some hierarchical and 
aperiodic lattices, however, was washed out by the inhomogeneity of the lattice; thus in these 
cases the effect of the aperiodicity is relevanr [12,13]. There are also some examples on 
marginal aperiodicities, where-xcording to numerical results [14]-the critical exponents 
are continuous functions of the smength of the inhomogeneity. 

For the TIM on an aperiodic lattice Luck has pointed out [ 141 the relation between the 
size of the fluctuations in the couplings and the type of the phase transition in the system. For 
a sequence with boundedflucruarions the system undergoes an Ising-type phase transition 
like the homogeneous one, while for unboundedfluctuarions this type of phase transition is 
absent. 

In the following we study systems with a one-dimensional aperiodicity, such as the TIM 
or layered two- or three-dimensional models. The different units of the aperiodic lattice is 
denoted by the letters of the alphabet ( A ,  B ,  . . .) and substitutional rules are used to generate 
the self-similar lattice. For example the Fibonacci sequence is built from two letters A and 
B according to the substitution u ( A )  = AB and u(B)  = A. 

Basic properties of a sequence can be deduced from the substitutional "ix, whose 
columns contain the number of letters A,  B ,  . . . in u(A), u(B), . .., respectively. For the 
Fibonacci lattice this matrix reads as 

E = ( :  ;) 
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The length of a word after n substitutions-L,-can be expressed for large n with the 
largest eigenvalue of M as 

L. 2 AT (2) 

while fluctuations in the total number of individual letters L!, L i ,  . . . are connected with 
the next to leading eigenvalue. For example in two-letter substitutions 

L, A - - L n  PA B =A;. 
PB 

(3) 

Here P A  and p~ denotes the number densities of the different letters as n + w-these 
are the components of the leading right eigenvector of the substitutional matrix. For the 
Fibonacci sequence A1 = t = ( 1 + 4 ) / 2  the golden mean and A2 = -1/z. Since Ih.I < 1 
the fluctuations are bounded and the sequence is said to have the Pisot-Vijmyaghavan 
property [ 151. 

A physical system on such a lattice (cf the Ising model) is assumed to have different 
couplings in the apexiodic direction, say K A .  K B ,  . . . in accordance with the letters of the 
underlaying lattice. These couplings can be expressed with their averagez and the strength 
of the inhomogeneity 6 z 0. For the two-letter substitution 

- 
K ~ = z + p ~ 6  K g = K - p * 6 .  (4) 

Now let us consider a system which has a finite width 1 in the aperiodic direction, but 
infinite extent in the other ones, and calculate the fluctuation in the aperiodic couplings. 
According to general rigorous results [16] (see also [141) 

where the B ‘wandering exponent’ can be expressed using (2) and (3) as 

and F ( x )  is a ‘fractal function’, which is periodic, F ( x )  = F ( x + l ) ,  continuous but nowhere 
differentiablei. If the system is at its bulk critical point = K ,  and the inhomogeneity 
represents a small perturbation 6 << 1, then for the finite ship local couplings differ on 
average from the critical one by an amount 

AK(i) c( Si@-‘ . 0) 
Since according to (6) p e 1, A K ( I )  goes to zero in the thermodynamic limit, A K  Wing 
an energy-like parameter that specifies the deviation from criticality transforms as 

AK’(l’) = A K ( [ ) b ” ”  (8) 

under a scaling transformation r( = yjb, where U is the correlation length critical exponent. 
Comparing (7) with (8) one obtains the transformation law for the inhomogeneity parameter 

6’ = &bo/” (9) 

t Strictly speaking the wandering exponent should be non-negative, since the 6 u m  in (5)  flumates on a sale  of 
OW. However. restricting the size OF ihe system to L.s. i.e. to UEC only aonpldc words. me can also attribute 
to ,8 negative numben. 
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where the cross-over exponent 

Q = 1 +U@ - 1). (10) 
Thus the effect of aperiodicity is relevant, marginal and irrelevant for ,5 > 1 - I/u, 
,5= 1 - l /u  and ,5 < 1 - I/u, respectively. 

This condition is consistent with existing exact results on aperiodic systems. For the TIM, 
where U = 1 the relevance/iilevance criterion is related to the unboundedbounded nature 
of the fluctuations, as observed in [14]. A funher example is an interface in an aperiodic 
potential in the transverse direction. Under thermal fluctuations in d < 3 dimensions 
U = VL = (d - 3)/2 [17], therefore in d = 3-where UL = M e  aperiodicity is always 
relevant, unless A2 = 0. This behaviour has been observed by RG studies [18]. We note 
that in three dimensions the marginality condition is satisfied for the Thus-Morse sequence 
u(A) = A B  and o(B) = BA, which therefore needs some specific treatment On the 
other hand in two dimensionsaccording to (lO)-the marginal value of the wandering 
exponent for an interface is ,9 = -1, which is characteristic for the Fibonacci lattice, where 
non-universal critical behaviour was indeed found by exact calculations L191. 

In the following-using scaling considerations-we show that for relevant inhomo- 
geneities one can determine the scaling form of the singular quantities near the critical 
point We start to write the uansformation law for the magnetization in terms of the re- 
duced temperature f = (T - T,)/T, and the strength of the inhomogeneity S as 

(11) 

where x denotes the anomalous dimension of the magnetization. Similar scaling relations 
containing a relevant parameter like S here, have already been analysed in context of 
smoothly inhomogeneous systems and parabolic geometries (for areview see [ZO]). In these 
problems results obtained by scaling considerations are in agreement with exact calculations 
on specific systems. In the following we make use of this analogy to determine the scaling 
behaviour of the thermodynamic quantities in systems with a relevant aperiodicity. 

The first consequence of the presence of a relevant parameter in (1 1) is the existence 
of a new characteristic length 

(12) 

m(r, 6 )  = b-‘m(rb’/‘, gb’/”) 

1 = g - w  

which stays finite at the critical point Consequently critical correlations decay faster than a 
simple power law for S > 0. Repeating an argument of Burkhardt [Zl] (see also [ZO]) one 
obtains a stretched exponential behaviour 

(13) 

where A is a positive constant. The size of a correlated domain in homogeneous systems 
is measured by the correlation length ch  - I f l - ” ,  while in systems with a relevant 
inhomogeneity this size can be estimated by equating the thermal - f and the inhomogeneity 
energy - Sc:-’)/” connibutions: 

G(t = 0.6, r )  o( r-k exp [-A(r/l)*] 

Note that &, i fh for @ > 0, i.e. for a relevant perturbation. Integrating the correlation 
function in (13) within the correlated domain of size one obtains the singular behaviour 
of the susceptibility of the system: 

x - exp(-const Cin/ch).  ( 19  
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The essential singularity in (15) should also be characteristic for other singular physical 
quantities. For example the singular part of the bee energy behaves like 

fsinp w exp(-const 1 l l W l ) + u ~ l l ( ' - 8 ) )  (16) 

and similar dependence on I and 6 is expected for the spontaneous magnetization for I < 0. 
At this point let us remark on the similarity of the struclure of the scaling form of 

the magnetization in (11) and that for the local magnetizations in inhomogeneous systems 
[22,20] and in parabolic geometries [2]. For an inhomogeneous system the characteristic 
length--lie 1 in (1Z)-is connected with the strength of the perturbation, whereas for a 
system with a paiabolic shape it is the parameter of the parabola In these cases the stntched 
exponential decay of correlations-as in (13)-is connected with the existence of a smoothly 
varying local correlation length, which can be expressed by the local value of the coupling 
or corresponds to the local width of the parabola [ZO]. Exact results obtained on specilic 
models with smooth inhomogeneities or in a parabolic geometry are in agreement with the 
scaling relations in (13). (15) and (16). 

For systems with a relevant apenodicity the only exact result is known about the ground- 
state energy singularity of the TIM [14], which is consistent with the corresponding formula 
in (16), taking U = 1. In the following we investigate a two-dimensional directed polymer 
system in the presence of a longihldmal aperiodic potential in order to check results obtained 
above by scaling considerations. 

In the directed polymer model the polymer connects next-nearest-neighbour lattice sites 
of a square lattice in such a way that steps towards the negative x-axis are forbidden (fully 
directed self-avoiding walk) [XI. Due to the layered structure of the model the statistical 
weight of each step of the 2' 1-step walk is the same, thus the connectivity constant is 
C = 2. The monomer fugacity at step i follows the aperiodicity of the underlying lattice 
and can be written as 

mi = C-' exp(-c +U;) (17) 

where f =. 0 controls the deviation fTom criticality and plays the role of the reduced 
temperature, while ui stands for the aperiodic external polential with zero average: 

The grand partition sum of the problem reads as 

As f approaches zero E develops a singularity, which in homogeneous systems behaves 
'like sw - IF ,  while on a finite system of size L at the critical point ~ ~ ( 0 )  * U. The 
susceptibility-exponent y in a homogeneous system is fi = 1, but the critical behaviour 
may be changed by aperiodic potentials. In this case the canonical partition sum scales 
according to (5) as 
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and its behaviour for large f is different for j? c 0 and j? > 0, respectively. For bounded 
fluctuations-p < 0-Zt tends to unity, the susceptibility exponent y = yh = 1, thus the 
perturbation is irrelevant in accordance with the relevahce/iielevance criterion in (10) with 

On the other hand for unbounded fluctuations+ > CL-21 has an exponential 
U = V I [  = 1. 

dependence on 18 and the grand partition sum on finite systems scales as 

EL(o) - exp(const 6 ~ 8 )  (20) 

i.e. the Ldependence is of stretched exponential. To determine the r-dependence of E 
Erst we estimate the average size of the polymer at r > 0 by equating the two exponential 
conaibutions to (18) with the result into (20) one arrives at 

(21) 

with a result in accordance with the scaliig fm of the susceptibility in (15). The diverging 
behaviour of E(r), i.e. the positive sign of the arguments of the exponential functions in 
(20) and (21). is explained by the directed nature of the model. Due to this fact the polymer 
cannot become localized in an external potential, rather its susceptibility is grown in an 
anomalous way. We note that similar behaviour is observed when the directed polymer is 
placed into a relevant, smoothly inhomogeneous longitudinal potential [251. 

Most interesting is the behaviour of the polymer for j? = 0, i.e. in the marginal case, 
when the growth of fluctuations in (5) takes place on a logarithmic scale. According to 
rigorous results [I61 the partial summations behave like 

m (8/r)1;1-p. Then setting 

X ( r )  N exp(const r @ ; @ - l ) W + )  1 

where the w positive constant is characteristic for the substitution. Since the sums of cdd 
powers in (22) are subleading by at least one power of In L 1161 in leading order the Taylor 
series of &(O) contains only the even powers: 

which can be summed using (22) as 

Thus the critical behaviour is non-universal, and the susceptibility exponent is a continuous 
function of the strength of the inhomogeneity: 

(25) 
W m = 1 + zs2 + 0(s4). 

For the specific substitution o ( A )  = AB, u(B) = A A  with A1 = 2 and A2 = -1, thus 
j? = 0, we have determined the behaviour of the susceptibility exactly. Considering the 
lattice after an even number of substitutions, i.e. when L = 2”’, and analysing the stkcture 
of the sequence one can show that 



L708 Letter to the Editor 

Thus the susceptibility exponent is given by 

In the limiting cases y (6 )  can be expressed as 

Y ( 6 )  = 1 + ' a'+ ... 6 < 1  (270) 

and 
6 

y(6) = - +. ' ' 
21112 8 >> 1 

Equation (27a) is in accord with the general result in (25) with w = lj41n2; fwthemre 
the S + CO limit in (27b) joins the relevant perturbation result in (20) when 6 + O+. 

As another example we consider the sirface magnetization of an aperiodic quantum 
king chain described by the Hamillonian 

where the U:, U; are Pauli matrices at site i, and the coupling 

K; = exp[(t - ui)/21 

follows an aperiodic sequence. According to a recent study of the problem by Turban and 
Berche [26] the critical p in t  of the system is at f = 0 (in the ordered phase f z 0), if 

( 1 / 1 )  E:=, uj = 0,inanalogy withthepreviouslystudieddirectedpolymerproblem. 
This analogy goes even further considering the surface magnetization of the king model, 
which is given by the formula 126,271 

and its asymptotic behaviour m"(0 c( t j s  and mL(0) tc L-@- is governed by the surface 
magnetization exponent p.. 

Comparing (18) with (30) one can notice the correspondences 

mi([) e [EL(I)]-'/' ( 31~)  

and 

a - Y P .  (31b) 

Thus one can easily see that for bounded fluctuations (6 < 0) the surface magnetization 
exponent ps = 1 is the same as in a homogeneous system. 'IT& observation is in accord with 
our relevance/iielevance criterion in (10) and with explicit results on specific sequences 
in [26]. For unbounded fluctuations (,9 > 0) according to (20), (21) and (31a) the decay of 
the surface magnetization is anomalous. Finally, in the marginal case (B = 0) the surface 
magnetization exponent is non-universal, and depends on the strength of the inhomogeneity 
as given in (25), (27) and (31b). 

The author is indebted to J M Luck and L Twban for sending their work in [14] and [%%I, 
respectively, prior to publication. 
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